Introduction
Throughout this paper M be a compact oriented surface of genus g with boundary ∂M which may be empty and P be one-dimensional manifold without boundary, that is a line R 1 or a circle S 1 . Consider a space M(M, P ) consisting of all Morse maps from M into P . The classification of components of M(M, R 1 ) where M is any compact (maybe nonorientable) surface was recently obtained by Matveev S. V. (his proof is in paper [3] ) and by Sharko V. V. [9] independently each from other and by different methods. For the case P = S 1 the classification was obtained by the author in [6] or [7] .
All this results may be reformulated as one theorem that includes both cases P = R 1 and S 1 :
Theorem 1 Two Morse maps f, g : M → P belong to the same pathcomponent of M(M, P ) if and only if they are homotopic and have the same critical type (that is the same numbers of critical points at each index and the same sets of positive and negative boundary circles.)
Here give another proof of theorem 1, which covers all cases except of the case of not nullhomotopic Morse mappings from surface of genus 2 into circle P = S 1 This case requires further study. The result is as follows: 
Preliminaries
All maps and manifold considered below will belong to the class C ∞ if otherwise not mentioned.
Morse maps
A map f : M → P is Morse if it satisfies the following conditions 1. All critical points of f are nondegenerate and lay in IntM.
2. A restriction of f on ∂M is locally constant, that is f maps each component of ∂M into some point of P and for different components of ∂M their images may be different.
The space of all Morse mappings from M into P we denote by M(M, P ).
Critical type of Morse map. Let f : M → P be a Morse map. An orientation of P allows to correctly define an index of critical point of f . If P = R 1 then the definition of index is usual. When P = S 1 then we should consider such a local representation of f : R 2 → R 1 that the standard orientation of R 1 is induced by given orientation of P . Then define the index of nondegenerate critical point in usual manner.
Denote by c k , (k = 0, 1, 2) the number of critical points of f of index k.
Consider now a behavior of gradf near the ∂M. Let V be a component of ∂M. By definition f is constant on V , therefore on some neighborhood N of V f may be considered as a function N → R 1 , where again the standard orientation of R 1 is induced by orientation of P . Then gradf is directed outward or inward of M at each point of V . Associate with V an integer number ε V which is equal to +1 if gradf is directed outward of M and ε V = −1 otherwise and call this component positive or negative respectively.
Definition 1 The critical type of Morse map f is the following collection:
c 0 , c 1 , c 2 , { ( V , ε V ) } V ⊂∂M .
Σ-homotopy. Let f, g : M → P be Morse maps. They are points in the space M(M, P ). This points belong to the same pathcomponent of M if and only if there exists a homotopy between f and g consisting of Morse maps, that is such a map H : M × I → P that for all t ∈ I the map H t : M × t → P is Morse. Such a homotopy we call Σ-homotopy [7] . We denote the fact that two maps f and g are Σ-homotopic by a sign Σ ∼.
Remark 1 A Σ-homotopy is often called isotopy of Morse maps.
We recall some simple properties of Morse maps and Σ-homotopies which easily follows from localness of definition of Morse map. 
*-Reeb graph of Morse map
Let f : M → P be a Morse map. Then f induces a division ∆ of M by connected components of preimages of points of P . Let R f be a factor-space of M by ∆ and let γ f : M → R f be a factor map. It is easy to see that R f is a graph and there is a continuous map p f : R f → P , such that f = p f • γ f . This graph R f is called Reeb graph of Morse map f . The map p f we will call Reeb map of f .
Note that orientation of P induces an orientation of edges of this graph. The vertices of R f correspond to critical components of preimages of points of P and to the components of ∂M. We label each vertex corresponding to some boundary circle by sign "*" in order to differ such a vertices from ones corresponding to the critical points of indexes 0 and 2.
Oriented Reeb graph with labels "*" we call *-Reeb graph. Isomorphism between two *-Reeb graphs is a homeomorphism between graphs which preserves orientation and labels.
Let f, g : M → P be Morse maps and let R f and R g be their *-Reeb graphs. We say that *-Reeb maps p f : R f → P and p g : R g → P are equivalent if there exist such an isomorphism ν : R f → R g and a diffeomorphism φ : P → P which preserves orientation of P that
We say also that two Morse maps f, g : M → P are equivalent if there exist such diffeomorphisms h : M → M and φ : P → P , that φ preserves orientation of P and f • h = φ • g.
The equivalence between Morse maps obviously induces an equivalence between their *-Reeb maps.
Recall that a Morse map f is of general position if at each critical level of f lays only one critical point. The following lemma gives a criterion for equivalence of Morse maps of general position in terms of their *-Reeb maps. For the case P = R 1 its proof is given in [4] (theorem 2) where this statement was formulated in other terms. See also [1] theorem 1, p.53. 
where each vertical arrows are isomorphisms in proper sense that is h is a diffeomorphism of M, ν is isomorphism of *-Reeb graphs and φ is a diffeomorphism of P preserving orientation. The lemma means that the pair h and φ exists if and only if exists the pair ν and φ.
A sketch of proof of lemma 2. For P = R 1 the proof is given in [4] . The case P = S 1 is reduced to the case P = R 1 . The necessity is obvious and we need to prove only sufficiency. An idea is following.
For i = 0, 1 let f i : M → S 1 be Morse maps, let R i be its *-Reeb graph, and let p i : R i → S 1 be corresponding Reeb map. Suppose that the maps p 0 and p 1 are equivalent. Let ν : R 0 → R 1 be isomorphism of *-Reeb graphs and φ :
Note that the map p 0 is obviously equivalent to φ • p 0 and f 0 is equivalent to φ • f 0 therefore we may assume that φ = idS 1 , hence p 1 • ν = p 0 . Let z ∈ S 1 be any point which is a regular value for both maps f i , let Dehn twists. Let γ be oriented simple closed curve in IntM. This curve is "two-sided" that is γ has a regular neighborhood diffeomorphic to the annulus 1] . Let N be an any regular heighbourhood of γ and let φ : N → S 1 × I be a diffeomorphism such that φ(γ) = S 1 × 0 and which preserves orientation of N and γ.
Consider a diffeomorphism τ : 
Consider a diffeomorphism h : M → M:
It is called Dehn twist along curve γ (with respect to the orientation of γ, regular neighborhood N and function α).
It is well-known, that the isotopy class of Dehn twist does not depend on N and α. If we reverse orientation of γ then corresponding Dehn twist τ constructed in such a way as above changes to its inverse τ −1 . An importance of Dehn twists is illustrated by a following Theorem 3 (Lickorish, [5] ) The homeotopy group H(M) of compact oriented surface M is generated by Dehn twists along finite number of some closed curves on M.
The twists along the curves
at figure 1 generate the group H(M), where m is a number of components of ∂M.
This concrete system of generators will be used. We also use the next observation which easily follows from (1) . Let p 2 be a natural projection of 
On homeotopy group of torus with one hole
Here we state one lemma which will be used in proof of theorem 1. Let N be a torus with one hole, and σ ⊂ N be a curve isotopic to ∂N.
Lemma 3 Let h : N → N be such a diffeomorphism which is fixed near ∂N and induces identical homomorphism of group H 1 (N, Z). Then h is isotopic relatively some neighbourhood of ∂N to some degree of Dehn twist along σ.
Proof. Let N ⊂ T , where T is two-dimensional torus, and K = T \ N is 2-disk. We can extend h to the diffeomorphism h ′ : T → T by putting h ′ = id on K. Then h ′ induces identity homomorphism of H 1 (T, Z) and therefore it is isotopic to idT .
Let α and β ⊂ N be such simple closed curves, which meet each other transversely in unique point and whose homology classes generate H 1 N. Then h(α) ∼ α and h(β) ∼ β on T , where the sign ∼ means isotopy. Since T \ N is 2-disk, it can be shown that h(α) ∼ α and h(β) ∼ β in N.
Assuming this, we can isotopy h so to fix it on some regular neighbourhood V of α ∪ β. Note that the set N \ V is an annulus one of whose boundary components is ∂N. Therefore h is isotopic to some degree of Dehn twist along ∂N.
Now we prove that
Suppose that α ∩ h(α) = ∅. We may assume that this curves intersect each other transversely. Since they are homotopic in T then, due to result of D. B. A. Epstein [2] , this curves bound a bigon in T , i.e. a 2-disk whose boundary consist of two arcs, one of which is in α and another is in h(α). If this bigon lays in N then it can be eliminated by isotopy of N. In other case the bigon contains
A simple analysis of Epstein's proof shows that in fact this curves bound at least two bigons. Hence one of this bigons does not contain K, and therefore is contained in N. By induction there is an isotopy of N such that the image α ′ of h(α) does not intersect α. By previous α and α ′ are isotopic. Thus it rests to prove the following generalization of lemma 2.5 [2] Lemma 4 Let T be a surface and let α 0 and α 1 ⊂ T be two homotopic simple closed two-sided curves any of which does not bound a 2-disk in T . Then if α 0 ∩ α 1 = ∅ then they bound at least two bigons.
Let p :T → T be a covering with cyclic fundamental group generated by α 0 . Then IntT is cylinder This was in fact the proof of lemma 2.5 of [2] . And now we find another bigon.
Let x be any of two points of ∂A 0 , as at figure 2b). Then x is the end of exactly two arcs of α 0 \ α 1 one of which is A 0 and another we denote by A 1 . Analogous x belong to border of exactly two arcs of α 1 \ α 0 one of which is B 0 . Denote another arc by B 1 . Then A 1 ∪ B 1 bounds 2-disk D ′ inT . By the same reasons as above this disk contains a bigon E 1 (we should only replace B by A 1 and A by B 1 .)
Note that B dividesT , hence A 0 and A 1 lay in different components of T \ α 1 . Therefore this bigon E 1 differs from E 0 and since the restriction of p ontoα 0 ∪α 1 is one-one, the image p(E 0 ) differs from p(E 1 ).
Admissible curves
Let f : M → P be a smooth map and let x ∈ P . A component γ of f −1 (x) is critical if it contains some critical point of f , in other case γ is regular component.
The following notion is very useful for our proof.
Definition 2 Let f : M → P be Morse map, and γ ⊂ M be a simple closed curve. We say that γ is admissible for f if the map f is Σ-homotopic to such a map f 1 that γ is a regular component of f
An examples of admissible curves are given at figures 9-12, where the map f is a projection on vertical line.
Lemma 5 Let f : M → P be a smooth map, let x ∈ P be a point and let γ be a regular component of
Proof of corollary 5.1. Since γ is admissible for f then f is Σ-homotopic to a map f 1 such that γ is a regular component of f −1 1 (x) for some x ∈ P . Applying the lemma 5 to the map f 1 and curve γ we can construct such a Dehn twist τ 1 : M → M along the curve γ that
The lemma is proved.
it is isotopic to a composition of Dehn twists along admissible for f curves.

Corollary 5.2 Let f be Morse map and h
where τ i is a Dehn twist along some admissible for f curve γ i . It follows from the corollary 5.1 that
Proof of lemma 5 Let f : M → P be a smooth map, let x ∈ P be a point and let γ be an any regular component of f −1 (x). We must construct a diffeomorphism h : M → M, which is a Dehn twist along γ and f = f • h : M → P .
Let U ⊂ P be such a connected neighborhood of x which consist of regular values of f only, and let N be that component of f 
where p 2 is a natural projection. Let h : M → M be a diffeomorphism building for the neighborhood N by formulas (1) and (2) . It follows from formula (4) that f = f • h.
Finally note that as a Dehn twist along γ in opposite direction we may take the diffeomorphism h
3 Proof of the theorem 1
We restate the theorem 1: A necessity of the theorem 1 is obvious and we prove only sufficiency. The proof is based on Lickorish's theorem on generators of homeotopy group of compact oriented surface.
Let f : M → P be a Morse map. Denote by [f ] the subset of M(M, P ) consisting of all maps which are homotopic to f and have the same critical type as f . Our aim is to show that the sets [f ] are the components of M(M, P ).
By propositions 2.2 and 2.3 of [7] , it suffices to prove the theorem 1 for those Morse maps for which an induced homomorphism
Therefore we may consider only the following classes of maps:
Remark 2 The first class corresponds to nullhomotopic maps M → P , and the second to not nullhomotopic.
We shortly explain this. Let f, g : M → S 1 be homotopic Morse maps. Suppose that an induced homomorphism of 1-homology groups is not onto.
Then there exists such a coveringŜ of S 1 that f and g lift ontoŜ to homotopic mapsf andĝ such that induced by them homomorphism
is onto. This mapsf andĝ are also Morse. It easily follows from lemma 1 and covering homotopy theorem that Σ-homotopity off andĝ is equivalent to Σ-homotopity of f and g.
If f and g are nullhomotopic thenŜ = R 1 is universal covering andf andĝ are Morse function. In other case,Ŝ = S 1 is that covering of S 1 which corresponds to the subgroup imf ♯ of
Remark 3 The second class exclude the Morse maps from surface M of genus 0 into S 1 since all such maps are nullhomotopic (recall that by definition Morse map is constant at each component of ∂M).
Further proof is contained in following two proposition. The first one is a generalization of lemma 11 of [3] . 
Proof of proposition 1
An idea of proof is contained in following lemma
Lemma 6 Any Morse map f : M → P belonging to the class 1 or 2 is Σ-homotopic to a map whose *-Reeb graph and Reeb maps are such as at figure 3.
For the case P = R 1 this lemma was proved in [3] (lemma 11) for closed surfaces. It is based on changing of Reeb graph of a Morse map. But it may be easily extended to the surfaces with boundary, that is to the *-Reeb graphs. So we have to prove only the case P = S 1 . We will reduce it to the case P = R 1 . Assuming that lemma 6 is proved we first complete the proposition 1. Let f, g : M → P be Morse maps andf andḡ be Morse maps constructed by lemma 6. Suppose that f and g have the same critical type. Then the *-Reeb maps off andḡ are equivalent. Hence there exists diffeomorphism h : M → M and diffeomorphism φ : P → P which preserves orientation of P such thatḡ = φ −1 •f • h. By assumption on φ, it is isotopic to idP , therefore
Note that h preserves the sets of positive and negative components of ∂M which are the same forf andḡ. But it may happen that h is not identical on ∂M and h may also reverse orientation of M. Nevertheless this restrictions on h can be satisfied. It follows from proof in [3] that the correspondence between components of ∂M and *-vertices of Reeb graph ofḡ can be chosen up to permutation of them. Therefore we may assume that h is fixed near ∂M.
Suppose that h reverse orientation of M. It is obvious thatf can be realized by embedding of M into R 3 , symmetrical relatively the coordinate plane (x, y), so thatf is a central projection of M onto axis Oy or onto the circle laying in the plane (x, y). Let r be the symmetry of R 3 relatively the plane (x, y), that is r(x, y, z) = (x, y, −z). Therefore r induces a diffeomorphism of M which change orientation of M andf =f • r.
Then the diffeomorphism r • h preserves orientation of M andf
Proof of lemma 6. The case P = S 1 . The next proposition reduces this lemma to the case P = R 1 .
Proposition 3 Let f : M → S 1 be Morse map which belongs to the class 2, that is an induced homomorphism
1 that for some regular value y ∈ S 1 of g the set g −1 (x) is a simple closed curve in M.
Suppose that this proposition is proved and complete the lemma. Let f : M → S 1 be Morse map. By proposition 3 f is Σ-homotopic to such a map g that the set γ = g −1 (x) be a simple closed curve in M. Cut M by γ and denote obtained surface by M ′ . Let p : M ′ → M be factor-map. It is easy that the composition g • p : M ′ → S 1 is nullhomotopic therefore it lifts to the universal covering R 1 of S 1 to a function g 1 :
We have also the following commutative diagram:
Here q is a natural covering. We can Σ-deform the function g 1 to a functionḡ 1 with Reeb map as at figure 3a) so that g 1 Σ ∼ḡ 1 relatively some neighborhood of p −1 (γ). This Σ-homotopy induces the Σ-homotopy of f relatively some neighborhood of γ to some Morse mapf with Reeb map as at figure 3b). The lemma 6 is proved.
Before proving the proposition 3 we make some remarks. First we need the following The first statement easily follows from a proof of the case P = R 1 of proposition 1. The second is the same as lemma 4.1 of [7] .
With each Morse maps M → S 1 and its regular value x ∈ S 1 we can associate the pair a surface and function on it (
1 be Morse map and let x be a regular value of f . Denote X = f −1 (x). We may assume that X ∩∂M = ∅. Since f is not nullhomotopic then X is not empty. Therefore X is a union of mutually disjoint circles embedded in M.
Cut M along X and denote obtained surface by M ′ . Let p : M ′ → M be a factor-map.
A restriction f | M \X is a map into interval S 1 \ {x} and therefore is nullhomotopic. It follows that the composition f • p : M ′ → S 1 is nullhomotopic too, and therefore it lifts onto universal covering R 1 of S 1 to a some map Proof of proposition 3. For topological space X denote by π 0 X the set of path-component of X.
Let f be Morse map and let x be its regular value. Let X = f −1 (x). If |π 0 X| = 1 then X is simple closed curve and we may put g = f . If |π 0 X| > 1 then we find a Morse map f 1 : M → S 1 and its regular value x 1 such that 
(1/2). This means that a map
This Σ-homotopy induces Σ-homotopy of f relatively some neighborhood of X to such a map f 1 for which a point x 1 = q(1/2) ∈ S 1 is regular value. Let
, that is X 1 is a simple closed curve on M, and proposition 3 is proved.
2) Suppose that |π 0 M ′ | > 1. We state that in this case |π 0 X 1 | < |π 0 X|. This will complete the proof.
Lemma 8 If π
Proof of lemma 8. At first note that there is a natural bijection between the sets B 0 and B 1 induced by p. For each point y ∈ B 1 , the set p −1 p(y) consist of exactly two points, one of which is y. The second point belongs to B 0 . Thus we have a map
Denote it by ξ : B 1 → B 0 . It is obvious that ξ is bijection. For the component The number of components of M ′ is finite therefore for some n we obtain that C 0 = C n+1 . Since M is connected then by this procedure we number all components of M ′ . Now it is easy to see that f lifts to the n-fold covering of S 1 that is f may be represented as a composition f = q n •f : M → S 1 , where
is a covering map of degree n. This means that f ♯ is not onto.
Proof of proposition 2.
We restate this proposition: By Lickorish's theorem 3, the diffeomorphism h is isotopic to a composition of finite number of Dehn twists along the curves (3) only (see figure 1) . We want to choose such a system of generators of H(M) that all or almost all of them are admissible forf .
Choosing Lickorish generators. Let Γ be a *-Reeb graph off , letγ : M → Γ andp : Γ → P be such maps thatf =p •γ.
Consider two cases. P = R 1 . For i = 1..g let z k andz k ∈ Γ be a points shown at figure 4a). We put
This is a simple closed curves on M.
Consider the figure 5 , where the parts of M, Γ and P are represented. Let x k and y k be a critical points off shown at this figure. Connect them by two arcs which lay at shown part of M, are transversal to level sets off , and one of them intersects α k and another intersectsα k . Denote this curve by β k . Figure 5 . Figure 6 .
Analogous define the curve δ k , (i = 1..g − 1), see figure 6 . Let V 1 , ..., V m be all components of ∂M. We define the curves ν ij , (1 ≤ i < j ≤ m). Note that there is such a curve γ ⊂ IntM, which divides M by two subsets, one of which contains ∂M and does not contain any critical point off. Moreover γ can be chosen so that it does not intersect any curve α i and β i for all i = 1..g, but γ may intersectα i . Denote the part of M \ γ containing ∂M by D.
Let V i and V j be any different components of ∂M. Connect them by arc l ij laying in D and let N ij be a regular neighborhood of a union V i ∪ l ij ∪ V j . Then we put ν ij = ∂N ij . P = S 1 . Let α 1 =γ −1 (z 1 ), see figure 4b ). Let β 1 be a simple closed curve which transversely intersects each level set off .
The definitions of α i ,α i , β i , δ i (i = 2..g) and ν ij (1 ≤ i < j ≤ m) the same as above and we require that this curves do not intersect α 1 and β 1 . see figures 4b), 5-6. By theorem 3 the curves α i , β i (i = 1..g), δ g−1 and ν ij , (1 ≤ i < j ≤ m) generate the group H(M, ∂M).
Admissibility of Lickorish generators. Thus h is isotopic to some finite composition of Dehn twists along curves (3) . The following lemma shows which curves of (3) are admissible forf.
Lemma 9
1) If P = R 1 then each curve of (3) is admissible forf.
2) Let P = S 1 . Then all curves of (3) but β 1 are admissible forf. Additionally the condition that σ i is admissible forf is equivalent to the condition that ∂M = ∅ orf has at least one critical point of index 0 or 2.
The proof of this lemma will be given in section 6 and now we complete the proof of proposition 2. We separate the cases of maps of classes 1 and 2.
1. Suppose that P = R 1 . By lemma 9, all curves of (3) are admissible for f . Hence h is admissible forf , and the proposition 2 is proved.
Let P = S
1 and g > 0. By proposition 9 all curves of (3) but β 1 are admissible forf . This complicates the situation.
Note that if two curves do not intersect each other then Dehn twists along them commute up to isotopy of M.
When g = 2 the pair α 1 and β 1 do not intersect other curves of (3) and therefore h may be represented as a composition of diffeomorphisms h 1 • h 2 where h 1 is generated by a twists along the curves
and h 2 is generated by a twists along α 1 and β 1 only. By lemma 9, h 1 is admissible forf .
Note that if h, g are admissible diffeomorphisms then h −1 and composition h • g are also admissible.
Therefore
We show that h 2 is also admissible forf .
To simplify the notations we denote h 2 by the same letter h. So we have to prove our proposition for the diffeomorphism h which is generated by twists along α 1 and β 1 only.
Remark 4 For surface of genus 2, the Lickorish generators are shown at figure 7. In this case we can represent h as a composition h 1 • h 2 where h 1 is generated by twists along curves ν ij , (1 ≤ i < j ≤ n) and h 2 is generated by twists along α 1 , β 1 , α 2 , β 2 and δ. The first diffeomorphism h 1 is admissible forf , but for the second one this is not known. It explains our restriction g = 2. But in any way the theorem 1 holds for this case. The rest of proof follows from the next two lemmas:
Lemma 10 Suppose a diffeomorphism h : M → M is generated by twists along α 1 and β 1 only and the mapsf andf • h are homotopic then h is also generated by a twists along α 1 and σ 1 only.
Lemma 11
The Dehn twist along σ 1 is generated by a twists along the curves of (5) and curvesα i (i = 2..g).
Since α 1 and curvesα i (i = 2..g) are obviously admissible forf , it follows from last lemmas that h is generated by twists along admissible curves. Hencē f Σ ∼f • h. This proves proposition 2.
Remark 5 Note that if ∂M = ∅ orf has at least one critical point of index 0 or 2 then by proposition 9 the curve σ 1 is admissible forf too. Thus in this case the proof is simpler and does not use lemma 11.
Proof of lemma 10. At first we may assume that h is fixed out of some neighborhood of α 1 ∪ β 1 . Let N be such a regular neighborhood of α 1 ∪ β 1 that h is also fixed near ∂N. Note that N is a torus with one hole.
Since h(N) = N and h preserve orientation of N, therefore h induces an isomorphism of H 1 N which can be represented by nondegenerated 2 × 2-matrix A with determinant 1. This isomorphism we also denote by h.
For p ∈ Z denote by T (p) the following matrix:
The plan of proof is following. At first we show that A = T (p) for some p ∈ Z. Further note that we can produce two Dehn twists along α 1 in different directions. This twists induces isomorphisms of H 1 (N, Z) corresponding to the matrix T (−1) and T (1).
Let a : M → M be a twist along α 1 corresponding to the matrix T (−1). Consider the diffeomorphism a −p • h : M → M. It induces identical isomorphism of H 1 N. Therefore by lemma 3 this diffeomorphism is generated by twist along σ 1 . Therefore h = a p • (a −p • h) is generated by twists along α 1 and σ 1 only.
So we must prove that A = T (p). It suffices to show that
By the condition the mapsf andf •h are homotopic and they are incident on some neighborhood of M \ N. It is not hard to prove that then restrictions off andf • h on N are also homotopic relatively some neighborhood of ∂N. Therefore they induce the same homomorphisms H 1 N → H 1 S 1 and in particular:
But by the construction off :
. Since det A = 1 then both diagonal elements of A are equal to −1. We show that this can not be so.
It follows that h([
Since ξ = 0 ∈ H 1 S 1 then our hypothesis fails. So the matrix of h has is equal to T (p) for some p ∈ Z.
Proof of lemma 11. The proof can be extracted from lemmas 3 and 4 of [5] . We give another formulas for s 1 .
Denote by s i andã i Dehn twists along the curves σ i andα i , see figure 8 .a) and b). It is obvious that a Dehn twist along curve may be considered in following way: cutting the surface along this curve, twisting one of obtained boundary components and then gluing this components back. Thus, to point out a Dehn twist at picture, we should choose one of the sides near the curve and choose the direction of twisting at this side. This explains the figure 8. Note that Figure 8 .
It may be immediately verified that
2) the twist s g−1 is isotopic to a composition
6 Admissibility of curves Proposition 9 . If P = R 1 then each curve of (3) is admissible forf . Let P = S 1 . Then all curves of (3) but β 1 are admissible forf . Additionally the condition that σ i is admissible forf is equivalent to the condition that ∂M = ∅ orf has at least one critical point of index 0 or 2. Proof. 1) The case P = R 1 . It is obvious that each curve α i is admissible forf , since it is a regular component of inverse image of some point.
At the figure 9a), a part of surface containing the curve δ is represented. The critical points are represented by boldface points. The restriction of functionf on this part is a projection on vertical line. Produce a Σ-deformation of our function as shown at figure 9.b) -lift a lower critical point over upper. Let V i and V j be two positive components of ∂M. We may choose the curve ν ij so that it separate the components V i and V j from other components of ∂M and all critical points off . We must show that ν ij is admissible for f . Consider the figure 11 a) where the part of surface M containing ν ij , V i and V j is represented. All other part of M is blacken. The mapf is a projection on vertical line.
To make our statement more visual, produce halftwist of surface between dotted lines at figure 11 a). This can be done so that the mapf leaves unchanged. Also produce analogous half-twist with a part of surface containing C i and lower critical point. The Reeb graph off turns its edges corresponding to V i and V j so as at figure 11b) and we obtain the picture as at figure 11 c). The Σ-homotopy which make the curve ν ij then represented at figure 11d). When V i and V j are both negative components or one of them positive and another negative the construction is analogous. It is shown at figure 12.
2) Let P = S 1 . The proof of admissibility of α i (i = 1..g) β i (i = 2..g) and δ is analogous as above.
Note that a restrictionf on β 1 is not nullhomotopic therefore β 1 is not admissible forf . Consider the curve σ i which is a commutator of α 1 and β 1 . Suppose that f has at least one critical point of index 0 or 2 or ∂M = ∅. Then *-Reeb graph off has at least one vertex of degree 1. Therefore "the graphic" of f looks like at the figure 13a), where the blacked places do not matter for us. Then a Σ-homotopy off which make σ a regular component of inverse image of some point of P is shown at figure 13b) .
Conversely, suppose that σ is admissible, and let g be a Morse map which is Σ-homotopic tof and for some point x ∈ P the σ is regular component of g −1 (σ). The curve σ divide M by two components. Let L be that component of M \ σ which do not contain α 1 and β 1 . Then a restrictionf on L is nullhomotopic. Thereforef | L lift to the universal coveringĝ of S 1 and therefore the functionĝ has a set of minimum and set of maximum. Note thatĝ is constant on σ and therefore one this sets must differ from σ. This set is a critical point of index 0 or 2 or the component of ∂M.
